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Syllabus

Instructor: Andras Gyérfas'

The course provides a comprehensive introduction to the theory of finite

set systems (hypergraphs), exploring both classical foundations and modern
developments. Emphasis is placed on fundamental proof techniques, partic-
ularly linear algebraic and probabilistic methods, that have shaped contem-
porary combinatorics.

Topics

1.

Basic Concepts: Incidence matrix, duality, intersection graphs, exam-
ples of hypergraphs (paths, cycles, linear spaces, Steiner systems, planar
and intersecting linear spaces, finite projective planes).

Chromatic Number and Girth: Proper coloring and the greedy al-
gorithm, extremal examples, classical constructions (Zykov, Myecielski,
Tutte, Shift, Kneser graphs), hypergraph constructions via gluing, and
the Neszetril-Rodl hypergraph.

. Ramsey Theory: Ramsey numbers and their bounds (recursive and

non-recursive), exact values, pigeonhole arguments, multicolor and non-
diagonal variants, convex n-gons in planar point sets; Van der Waerden
numbers; Tic-Tac-Toe and the Hales-Jewett theorem (including Shelah’s
proof); infinite combinatorics and applications.

Counting & Probabilistic Methods: Proofs by counting (antichains,
intersecting hypergraphs, 3-chromatic examples); Erdds’s lower bounds for
R(n) and W (k); probabilistic constructions, tournaments and transitive
subtournaments, paradoxical tournaments (Klein-Szekeres bound); expec-
tations and the probabilistic method in existence proofs; Local Lemma and
its applications (Erdds-Lovasz theorem, even cycles in regular digraphs);
curiosities such as Spencer’s injections and “triangle is 2-chromatic.”

. Linear Algebra Methods: Dimension bounds (including Oddtown the-

orem, Fisher inequality), cubic lower bounds for R(n), two-distance sets,
cross-intersecting families; homogeneous linear equations in combinatorics
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(bipartite partitions of K, discrepancy of hypergraphs); eigenvalue tech-
niques and extremal configurations (Hoffman-Singleton theorem, cages of
girth five).

. Special Topics: Systems of distinct representatives, chain decomposi-
tions, hypergraphs with n, n + 1, and n + 2 edges; critical 3-colorable
hypergraphs; sunflower theorem and sum-free sets; factorizations of K,
and Steiner triple systems.

. Advanced Topics: Cyclic generators in Desarguesian planes, hyper-
graph factorization, two proofs of the Perfect Graph Theorem, construc-
tive super-polynomial lower bounds for R(n), geometric hypergraphs and
Borsuk’s conjecture, graphs with large chromatic number and girth, Paley
graphs and Paley tournaments.



Set 1

Theorems used in the set (for reference):

Theorem 1.2. Every simple graph is the intersection graph of some hyper-
graph.

Problem 1

Prove the following two properties of linear space (V, E):

L > er (';') = (“2/‘) (global property)
2. > .ou(le] =1) = [V| =1 for every v € V (local property)

Proof. We will prove both properties seperately.

Property 1. In the first property, the left side counts how many ways we
can select two vertices from each edge. This is equivalent to the number of
ways we can select two vertices from the graph itself, which is represented in

the right side. Thus, » g (';') = (lg‘).

Property 2. In the second property, the left side goes through every vertex
v in the graph and counts how many edges contain it, subtracting one. Note
that subtracting one counts the number of other vertices are connected to
v. Since we iterate through unique edges, we ultimately count the total

number of vertices, except the first one that we started with. This is the

same quantity counted by the right side, thus ) __ (le| = 1) = |[V| =1 for
every v € V. O]
Problem 2

Give a catalogue of linear spaces with six vertices. (All planar, follow the
convention of Figure 1.6)

Solution.



Figure 1: Catalogue of linear spaces with 6 vertices

Problem 3

Prove or give a counterexample for the following two statements. Regular
linear spaces are uniform. Uniform linear spaces are regular.

Proof. We will provide a counterexample for the first statement and a proof
for the second.

Statement 1. Consider the following linear space H = (V| E) with V' =
{a,b,c,d} and E = {{a,b},{b,c,d},{a,c,d}}. Note that each vertex has the
same degree (2), so the linear space is regular, but each e € E have different
cardinalities, thus, it is not uniform.

Statement 2. Consider H to be a uniform linear space. By definition,
all edges in H have the same degree, meaning each edge contains the same
number of vertices. Additionally, since H is a linear space, each pair u,v € V'
has a unique edge that contains them both. This implies that a vertex u has
|[V| — 1 vertices it is connected to. Additionally, since every edge has the
same amount of vertices, say n, then the vertex u shares every edge that it
is in (call this quantity m) with n — 1 other vertices. So each vertex u is
connected to m(n — 1) vertices. So we can equate these two expressions to
get m(n — 1) = |V]| — 1, and thus m = |V| 1 . So the degree of each vertex is
the same, and thus, H is regular. O

Problem 4

Prove Theorem 1.2 by induction.



Proof. Let G = (Vg, Eg) be a graph. For the base case, assume this graph
has 0 edges, and is thus a set of vertices with no connections. For each vertex
in G, construct H = (Vy, Ey) such that Vg = Vi and Ey = {v;} for each
v; € V. These edges have no intersections, so the intersection of H is G.
For our inductive hypothesis, we will assume every graph with n edges is the
intersection graph of some hypergraph. Given a graph G’ with n + 1 edges,
remove one edge e to get G with n edges. Then, by our inductive hypothesis,
G is the intersection graph of some hypergraph H. To construct G', add a
new edge to H whose intersection with other edges corresponds exactly to
the new edge e in G'. Thus, every graph can be realized as the intersection
graph of some hypergraph. O

Problem 5

Prove Theorem 1.2 using the notion of duality.

Proof. Let G = (V,E) be a graph. Then, define H = (E,{F, | v € V})
where F,, = {e € F | e is incident to v } for all v € V. In this construction,
H is the dual of G. Notice that for any two distinct vertices u,v € V, we
have F, N F, # 0 only when there exists e € E incident to both u and v.
This happens exactly when {u, v} is an edge in G. So the intersection graph
of the hypergraph H and G are the same. O



Set 2

Theorems used in the set (for reference):

Theorem 1.4. Assume H = (V,&) is an intersecting linear space not iso-
morphic to a trivial one or to a near pencil. Then (for some integer k > 2)

El= V| =k +k+1, His (k+1)-uniform and (k + 1)-regular

Problem 6
Work out the details of the proof of Theorem 1.4

Proof. Note that if one edge covers all of V', clearly then, H is trivial. If
there are two edges eq, es that cover all of V| due to the fact that H is linear,
they meet at a unique vertex r. Additionally, without loss of generality, we
know one of the edges, say es, has size 2. Then e; contains all but one vertex,
and every other edge is an edge with 2 vertices joining r to a vertex of ej.
Thus H is a near-pencil.

Now, we will show that for the case where no 2 edge cover all of V', a linear
intersecting space G implies that |V| = |E| = k* + k + 1 where G is (k + 1)-
uniform and (k + 1)-regular. Consider ej,e; € E and suppose v € V is
a vertex such that v ¢ e; Uey. By the definition of linear spaces, every
vertex in e; must be conected to v by a unique edge, and such an edge must
not intersect with both e; and e;. Thus, there exists a bijection between
every vertex v € e; to another edge that must contain v and one unique
vertex in es. Note that we cannot have the case where such an edge contains
more than one unique vertex from e; and ey since it would thus violate the
conditions of a linear space by creating 2 edges that contain both vertices
in e; or ey. Therefore, |e;| = |es], and thus all edges have the same size.
Next, we will show that d(v) = |e| for any e € E and v € V. Suppose G
is an intersecting linear space. Choose e € E and v € V such taht v ¢ e.
Since G is linear, there must be a unique edge containing v and every other
vertex in e, and thus, d(v) > |e|. Assume for the sake of contradiction that
d(v) > |e|. This implies that there exists v; € V such that v; ¢ e and ¢;
such that v,v; € e;. Note that the fact that the edge containing v, v; cannot
intersect with the edge e without violating the definition of a linear space,
and thus, no such extra edge exists and d(v) = |e|. Finally, we will show that
G being (k + 1)-uniform and (k + 1)-regular implies |[V| = |E| = k* + k + 1.



For every vertex v, note that there are k 4+ 1 edges containing it. Each k + 1
edges has k vertices contained in it excluding v. Thus, there are k(k + 1)
other vertices. With v, there are k(k+1)+1 = k? + k + 1 vertices, and thus,
V|=I|E|=k?>+k+1. O

Problem 7

The Fano plane has cyclic representation: shift the set {1,2,4} (by adding 1
to its elements) six times, using arithmetic (mod 7). Find similar represen-
tations for the finite plane of order 3 and order 4.

Solution. For a finite plane of order k, we need to find a subset S C Zj2, 11
with size k£ + 1 such that no two ordered pairs in S have the same difference
using arithmetic (mod k% + k + 1). Instead of guess and check, we will use
the following program to find such a subset.

import itertools

k=3
num = k*x*2 + k + 1
Z = list(range(num))

for subset in itertools.combinations(Z, k+1):
diffset = set()
for i in subset:
for j in subset:
if i 1= j:
diffset.add((i - j) % num)

if len(diffset) == num-1:
print (subset)
break

We find that for order 3, the representation is the set {0,1,3,9} and for order
4, the representation is the set {0, 1,4, 14,16}



Problem 8

Suppose that H = (V,€) has no singleton edges and |e N f| # 1 for all
e, f € £. Prove that in every ordering of V' the greedy algorithm colors V'
with at most two colors. The proof cannot be longer than three sentences!

Proof. Suppose for the sake of contradiction that the algorithm uses color
with label 3 at a vertex v, and thus, there must be edges e, f that contain v
with all vertices in e colored with label 1 and all vertices in f colored with
label 2. Since there are no singleton edges, e and f have other vertices other
than v, and they cannot be disjoint since then e N f = {v}, so they meet at
some other vertex u. But since u is either colored with a 1 or a 2, one of e
or f cannot be monochromatic, which is a contradiction. O

Problem 9
Prove that Steiner triple systems have no proper 2-colorings.

Proof. Assume for the sake of contradiction that a Steiner triple system of
order k£ has a proper 2-coloring. We will suppose that the two colors are
the integer labels 1 and 2. Without loss of generality, suppose we choose a
vertex a with color 1, and let the set of B be the set of vertices colored 2.
Consider all triples containing a. Note that in a proper 2-coloring, each triple
containing a would include exactly one vertex that is colored 1. Additionally,
every pair of vertices appears exactly in one triple. Thus, for each pair {a, b}
with b € B, there is a triple containing both a and b, and so for each b € B,
the triple containing a and b is determined by the pair {a,b}. Since each
triple containing a contains exactly 2 pairs, and since there are v — 1 total
pairs, a is contained in ”%1 triples. Since a is colored 1, each of these triples
must contain exactly one vertex colored 2. Thus, |B| = ”T_l Since same
argument above applies to any vertex colored 2, supposing that A is the set
of vertices colored 1, we have that |A| = “3*. Then the total number of

vertices is |A| + |B| = %% + %% = v — 1 # v, which is a contradiction.

Therefore, no proper 2-coloring exists for a Steiner triple system. O

Problem 10

Prove that finite planes of order at least 3 have proper 2-colorings.



Proof. Suppose we have a finite plane of order £ > 3. Within this plane, we
have a set of vertices V' and edges E each edge contains e + 1 > 4 vertices.
We will then color the vertices with labels that are either a 1 or a 2. Suppose
we choose an edge e € E and color one vertex with a 1 and the rest with a
2. Then, if we take any other vertex on e and look at the other edge f that
contains it, we can observe that there are k + 1 vertices on f. Thus, there
are at least 3 other uncolored vertices. Choose a vertex on f and give it the
color 1, and the rest the color 2. Repeating this process throughout entire
finite planes will provide it a proper 2-coloring since every edge intersects
our initial edge e at exactly one vertex. Since k > 3, there are at least 3
additional vertices to color such that the edge contains both colors. Since
every new edge contains at least one previously colored vertex, we can always
color remaining points to avoid monochromatic edges. Therefore every edge
will contain at least one vertex colored with a 1 and one vertex colored with
a 2, so we have a proper 2-coloring. O

10



Set 3

Theorems used in the set (for reference):

Theorem 3.10. There exists a function f(n) with the following property:
if f(n) points of the plane are in general position (no three on a line) then
there exists n of these points forming the vertices of a convex n-gon.

Problem 11

Show that the n-element sets of a (2n + k)-element ground set can be par-
titioned into k + 2 classes so that each class contains pairwise intersecting
sets.

Proof. Suppose the ground set is [2n + k] = {1,2,...,2n + k}. Consider all
n-element subsets of [2n + k]. To do so, we will define a proper coloring of
the Kneser graph KG(2n + k,n) with k + 2 colors. Then, the color classes
pairwise intersecting sets. To perform such a coloring, give color i to every
n-subset who’s smallest element is ¢ for every ¢ € [k + 1]. Note that this uses
at most k + 1 colors. Then, give color k£ + 2 for all other n-subsets. Through
this coloring, we have used k + 2 colors in total. This coloring is a proper
coloring since if two n-element sets have the same color ¢ < k + 1, then they
must have the same minimum element ¢, and so they are not disjoint and
thus, cannot be adjacent in the Kneser graph. This means that any set with
a color i € [k + 1] is independent in the Kneser graph. Now, note that every
n-set colored k + 2 is in the set {k +2,k+ 3...,2n + k}, which has 2n — 1
elements. Note that any n-subset of a 2n — 1-set is intersecting due to the
Pigeonhole Principle, and thus, sets colored k+ 2 are also independent in the
Kneser graph. We have then colored this Kneser graph with k42 colors, and
thus, the n-element sets of a (2n + k)-element ground set can be partitioned
into k + 2 classes so that each class contains pairwise intersecting sets. [

Problem 12

Let t be a positive integer. Construct a 2-chromatic (bipartite) graph G such
that for some ordering of the vertices of GG, the greedy algorithm uses ¢ colors
for coloring G.

11



Proof. Suppose t = 2. Consider a 2 vertex graph with one edge connecting
the root to its leaf. For the greedy algorithm, order the leaf before the root.
Clearly, we need 2 colors to color G' through such a greedy algorithm, which
is exactly t. For ¢t = 3, consider two copies of the ¢t = 2 case, and connect the
roots. Order the leafs (vertices with degree 1) before their parents, which
are the root in this case. Since one of the roots are are adjacent to both the
leafs and the other root, it requires a third unique color, and thus, we need
3 colors to color GG, which is exactly t. Through this process of considering
2 copies of the previous case and connecting the roots, we can construct a
tree. Note that for any ¢, if we allow the roots of two trees of the t — 1 case
to be adjacent by adding an edge between them, we construct another tree
who has two ”parent” vertices, both of which have the same color when such
an edge is added, and thus, requires one of them to adopt a unique color,
leading to t colors to color the graph. Note that since we construct trees, the
graph G is always bipartite. O]

Problem 13
Prove that R(3,4) =9

Proof. First, note that R(3,4) > 9. Below is a colored Kg with edges either
red or blue. Note that there are no blue colored K3 subgraphs nor red colored
K, subgraphs.

Thus, R(3,4) > 9. Now we shall show that R(3,4) < 9. O

12



Problem 14

Show that 2" < R(3,3,...,3) < 3r!
——

T

Proof. First, we will show 2" < R(3,3,...,3). Suppose we have a graph with
r vertices. Enumerate each vertex with a binary r-digit number. An edge is
colored corresponding to the first differing digit between two vertices. Now,
consider a triangle (K3) inside of this graph. If 2 vertices differ at position,
then the third vertex cannot be enumerated in this way. Since this construc-
tion is impossible, we cannot have this binary vertex enumeration, and thus,
we must have strictly more than 2" vertices. Thus, 2" < R(3,3,...,3) Fi-
nally, we will show R(3,3,...,3) < 3r!. Consider the graph with K3,y with
3r! vertices. For a first vertex, it must be connected to 3r! — 1 other vertices.
Since there are r colors, by the Pigeonhole Principle, each edge is connected
to at least 3(r — 1)! other vertices. Now continue this process by considering
another color, which then has 3(r —2)! it is connected to. Continue this pro-
cess until we have 3 vertices left, which cannot be colored monochromatically
without there existing a monochromatic K3, and thus, R(3,3,...,3) < 3r!
O

Problem 15

Show that Rs(n,n) is also a good choice for f(n) in Theorem 3.10 (Hint:
color a triple of points {a,b,c} according to the parity of the number of
points inside the triangle abc.)

Proof. We will show that if R3(n,n) points of the plane are in general po-
sition, then there exists n of these points forming the vertices of a convex
n-gon. Let N € Z-(, and consider the set P = pq,...,pn in general posi-
tion. Now consider all triples {a,b,c} in P and color the triple red if the
number of points of P are inside the triangle and is even and blue if odd. If
N > Rs(n,n), then we know that there is a monochromatic n-subset in P.
We can call this subset A. If all triples in A are monochromatic, then no
point of A lies in the convex hull of the others, and thus, the n points in A
form a convex n-gon. O

13



Set 4

Solutions courtesy of Richard Li.

Problem 16

Proof. We first hope to prove that in every 2-coloring of the edges of the
complete bipartite graph Kj 5 there is a monochromatic K35. Suppose our
graph is AU B = Kj55 with colors red and blue. Consider some v; € A,
and look at the 5 edges leaving A. Some color makes up at least three of
these edges. Without loss of generality assume it is red. We now have two
cases. Either there exists some v’ such that two of the vertices connected to
vy with red edges are also connected to v', in which case there is a red Kj g,
or there is no such vertex. If there is no such vertex v,, this means that for
each v; € A, 1 # 1, there are at least two blue edges from the at least three
vertices connected to v; with a red edge. However, see that since (g) =3, at
least one choice of two edges must be repeated among two different vertices,
v; and v;, which is a blue Ky, as desired. The same statement is not true

for K5 4. Consider the following graph:

Problem 17

Proof. We hope to show that R(p,q) < (p;zf). To do so, we use strong

induction on p + ¢. For our base case, note that for p = 1, R(1,q) = 1, and

(1+g_2) = 1. The same holds for ¢ = 1. So, suppose the inequality holds for
all p/, ¢’ such that p' + ¢ < p+q. See that R(p,q) < R(p—1,q)+ R(p,q—1)
where, by our inductive hypothesis R(p,q) < (° ;SB) + (7 ;ﬁf’). Then, since

(p;fj) + (p;jﬁf’) = (p;zf) we have that R(p,q) < (p;zf) as desired. [

14



Problem 18

Proof. We hope to prove that R3(4,4) < 19. To do so, we use the identity
that Ri1(p,q) < Ry(Riya(p — 1,9), Riv1(p,qg — 1)) + 1. So, we have that
R3(4,4) < Ry(R3(3,4), R3(4,3)) + 1. Notably, R3(3,4) = R3(4,3) = 4 since
K3 can simply have a red edge, but K must either be monochromatic red,
or contain a blue edge which is a monochromatic blue K3. So, R3(4,4) <
Ry(4,4) +1=18+1 =19 as desired. O

Problem 19

Proof. We hope to prove that R(n) < R3(6,n). To do so, consider the graph
Kpg,6,n) and any edge coloring on it, say C'. We now construct an edge
coloring of K ]3%3(6’71) as follows. We color an edge blue if the corresponding
vertices in C' form a monochromatic triangle. Otherwise, we color the edge
red. See that it is impossible to have a red K§, since this would imply that
within 6 vertices, there exists no monochromatic K3 in C', which is impossible
since R(3) = 6. So, there exists some blue K?2. See that this must correspond
to a monochromatic K, in our coloring C since if there were two different

colors, there would be some red edge.
O

Problem 20

Proof. We hope to prove that a simple intersecting hypergraph on n vertices
has at most 2! edges. To see why this is the case, see that we have 2"
possible edges, since this is the cardinality of the power set of [n] elements.
Then, see if we have some ¢ € E, ¥ ¢ FE since e N e® = &. Hence, since
every element has a unique complement, we can have at most half the 2"
possible edges, which is 271,

O

15



Set 5

Problem 21

Assume that n > 3rl. Prove that every r-coloring of the numbers in [n] there
is z,y,z € [n] such that they have the same color and x +y = z (x = y is
permitted).

Proof. Consider the complete graph K,.; on vertices V' = {0,1,2,...,n}.
For each pair of vertices {7, j} with ¢« < j, color the edge {i,;} by the color
assigned to the integer j — i in the given coloring of [n]. This defines an
r-coloring of the edges of K, ;. Next, note that from HW #14, we know
that R(3,...,3 (r times)) < 3r! < n 4 1. By the definition of the Ramsey
number, every r-coloring of the edges of K, 1 must contain a monochromatic
triangle. Let the vertices of this monochromatic triangle be a < b < ¢. Since
the triangle is monochromatic, all three edges {a, b}, {b,c}, and {a,c} have
the same color. From the way we colored the edges, this means that the
three differences b — a,c — b, ¢ — a are all assigned the same color in [n]. But
these satisfy the equation (b—a)+ (¢ —b) = ¢ —a. Thus, if we set z = b — a,
y=c—0b,and z = ¢ — a, then z,y, z € [n] are of the same color and satisfy
rT+y=-z. O

Problem 22

Prove that the vertices of any transitive tournament 7,, can be labeled with
1,2,...,n so that each edge is oriented from a smaller label to a larger label.

Proof. We will proceed by induction. For the base case n = 1, the statement
is trivial. For the inductive hypothesis, assume that the statement holds for
some n — 1 > 1. Now let T,, be a transitive tournament on n vertices. Note
that a transitive tournament does not contain cycles, and thus has a “start”
vertex (a source) and an “end” vertex (a sink)?. Now, let vy, be the source
and let vy, be the sink. Consider removing the sink to yield T,, — vpax,
which is still a transitive tournament on n — 1 vertices. By our inductive

2For a transitive tournament 7', pick any vertex z. If  is not a source, then there exists
a vertex u; — x. If uy is not a source, then there exists a us — uq and so on. Because the
tournament does not contain a cycle, this sequence must terminate, and thus, we must
reach a vertex with no incoming edges, which is the source. Similarly, there exists a vertex
with no outgoing edges, which is the sink.

16



hypothesis, we can label the vertices T}, — vmax With labels 1,...,n — 1 such
that all edges go from smaller to larger labels. Now if we put vn., back,
all edges can go into it, and thus we can assign vy., the largest label n,
preserving the property that every edge goes from smaller to larger label. By
induction, the claim holds for all n > 1. Thus, the vertices of any transitive

tournament 7, can be labeled with 1,2,...,n so that each edge is oriented
from a smaller label to a larger label. O]
Problem 23

Prove that every tournament has a king: a vertex where any other vertex
can be reached by a directed path with at most two edges.

Proof. Let v be a vertex of maximum outdegree (the number of vertices with
an incoming edge from v) in the tournament. Let d be this outdegree. Define
the set I'(v) = {u : v — u} as the set of all vertices that have an incoming
edge from v. Clearly, |I'(v)| = d. Suppose, for the sake of contradiction, that
there is a vertex w that is not reachable from v by any path of length < 2.
That means the edge v — w does not exist and thus w — v exists, and no
vertex u € I'(v) has the edge u — w and thus for every u € I'(v), we have
w — u. Therefore, w has directed edges to v and to every vertex in I'(v),
and so the outdegree of w is at least d+ 1. This contradicts the fact that v is
a vertex of maximum outdegree d. Thus, no such w exists and every vertex
is at distance at most 2 from v, implying that v is a king. O

Problem 24

A tournament is called strong if there is a directed path from any vertex to
any other. Prove that any strong tournament has a directed Hamiltonian
cycle.

Proof. First, we will show that every tournament on n vertices has a Hamil-
tonian path. We proceed by induction on the number of vertices n. For the
base case n = 1 the statement is trivial. For the inductive step, suppose that
every tournament on n — 1 vertices has a Hamiltonian path. Let T" be a tour-
nament on n vertices, and remove an arbitrary vertex v. By the induction
hypothesis, T'— v has a Hamiltonian path P = u; — us — - -+ — u,_1. Now
insert v into this path. If v — wy, then v — u; — us — --+ — u,_1 is a
Hamiltonian path of 7. Otherwise, there exists an index ¢ with u; — v and

17



v — Ujpq. Then uy — -+ = u; > v — ujpg — -+ — u,_1 is a Hamiltonian
path of T'. Such an ¢ must exist since each pair of vertices is connected in
exactly one direction. Thus, every tournament on n vertices has a Hamilto-
nian path.

Now, let T" be a strong tournament, and let P = vy — vy — --- — v, be
a Hamiltonian path (which we showed above). If v,, — v; is an edge, then
v — vy — --- — v, — v is already a Hamiltonian cycle. Otherwise, as-
sume v; — v,. Since T is strong, there exists a directed path from v, back
to v1: v, = wy = wy — -+ = wi, = v;. Let w; be the first vertex on this
path that also belongs to the Hamiltonian path P. Then w; = v; for some
1 <i<n—1. The edge entering v; on the path above is w;_; — v;. Now,
one of the two edges v;_; — w;_; or wj—; — v;_; must exist in 7. In either
case, we can connect the paths together to obtain a directed cycle containing
all vertices: vy — -+- = v;_1 = wj—1 — -+ — v, — v;. Thus, T contains a
directed Hamiltonian cycle. O]

Problem 25

Assume (a real life situation) that “knowing each other” is not necessarily
symmetric. Prove that at a party of nine persons one can always find either
three strangers (no one knows any other) or three persons A B,C such that A
knows B and C and B knows C (a transitive triple). Show that the statement
is not true for eight persons.

Proof. First, consider R(3,4) < 9. Suppose we utilize the colors white and
black and an unoriented graph. Here, we know that any coloring of Ky, there
exists a monochromatic (white) triangle (K3) or a monochromatic (black)
“complete square” (K4). Consider each vertex as a person and white edges as
“not knowing each other” and black edges as “knowing each other”. Clearly,
at a party of nine persons, there are three strangers who do not know each
other (due to the existence of the white triangle). Additionally, there are
four strangers that are part of a “complete square” (K,). Consider the four
vertices of this clique {a,b,c,d}. To prevent transitivity, we will construct
cycles. Orient a — b — ¢ — a. Next, orient b — d — a. The edge between ¢
and d are now unconnected, but any orientation of ¢ and d (both ¢ — d and
d — ¢) will result in {b, ¢, d} being a transitive triple. Thus, orienting this 4
vertex clique K, will always result in a transitive triple.
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Now, to show that the statement is not true for eight persons, consider the
following graph with 8 vertices:

7

Here, the arrows denote the “knowing each other” relationship. An arrow
from vertex a to vertex b means that person a knows person b. Note that
there does not exist three strangers nor does there exist a transitive triple. [J
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Set 6

Theorems used in the set (for reference):

Theorem 4.14 (Local Lemma). Assume that Ay, Ao, ..., A, are events with
dependency bound D and pr(A;) < ﬁ for 1 <i<mn. Then

pr <ﬁ E) >0
i=1

Theorem 4.18. R(n) >m if 4(3)(™",) < o(5)-1
Theorem 4.19 (Joke). The graph K3 is 2-chromatic.

Proof. Let V' = [3] be the vertex set of triangle T. The probability space
is the 2-colorings of V' (N = 8 elements). Let A;; be the event that the

edge ij is monochromatic. Clearly, pr(A4;;) = % for all the three choices of
index pairs. Any pair of events is independent, for example, pr(A;2A;3) =
pT(Alg)pT(Alg) = % ]
Problem 26

Assume that T, is a regular tournament, i.e. d*(v) = d~(v) = %5+ for every
vertex v. Let X UY be a partition of the vertex set of T}, into two parts.
Show that the number of edges from X to Y is the same as the number of
edges from Y to X.

Proof. Let e(X,Y) denote the number of edges directed from X to Y, and
e(Y, X) the number from Y to X. We need to show that e(X,Y) = e(Y, X).
For a vertex v, let '} (v) be the number of out-neighbors of v in X, and define
'y (v), I'{(v), Ty (v) similarly. Since T, is regular, 't (v) = I'~(v) for every
v. Summing over all v € X gives ) _(I'"(v) —T'"(v)) = 0. Splitting each
degree into contributions inside X and to Y yields ) _(I'%(v) —T'x(v)) +
> vex (T (v) =Ty (v)) = 0. The first sum is zero because edges entirely inside
X contribute +1 to one endpoint and —1 to the other. The second sum equals
S ex TE(0) = Doex Ty (0) = (X, Y) — (Y, X). So, e(X,Y) — (Y, X) = 0,
and thus e(X,Y) = e(Y, X). O
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Problem 27

Prove that any strong tournament 7,, contains a directed cycle C} for every
3<k<n.

Proof. We will proceed inductively. For the base case, assume k = 3. For the
sake of contradiction, suppose that 7T;, does not contain Cj. This implies that
the entire tournament is transitive, and by my reasoning from Problem 22,
we have a source vertex. However, we assumed that T;, is strong, but there
is no vertex that points to the source vertex, a contradiction. Now, assume
that the tournament contains a cycle Cj, of length k (where 3 < k < n). Let
the vertices of the existing cycle be Cy, = v; = v9 — -+ — v, — v1. Since
k < n, there exists at least one vertex u that is not in the cycle. There are
two possible cases regarding the vertices outside of this cycle. For the first
case, assume there exists a vertex u with mixed® edges to Cj. Because u has
both incoming and outgoing edges with the set {vy, ..., v}, and because we
are traversing a cycle, there must be a point where the direction switches.
So, there must be an index ¢ such that v; — w and u — v;;1, meaning
that we can insert u into the cycle between v; and v;, ;. This yields a new
cycle vy = -+ = v; > u — v;11 — --- — vy, which is a a cycle of length
k+1, Cyi1. For the other case, assume no vertex has “mixed” edges. So, for
every vertex x outside the cycle, x either dominates all vertices in C, or is
dominated by all vertices in C). We can divide the vertices outside the cycle
into two sets: S and T'. Let S be vertices that dominate Cy, and let T" be the
vertices dominated by C. Note that these sets are nonempty, since otherwise
it would violate the fact that 7T;, is strong. Additionally, since the tournament
is strong, there must be a path from 7" to S. This implies there must be at
least one edge t — s where t € T' and s € S. Now we will construct a cycle.
Start at s and go to v; and follow the cycle path v; — vy — -+ — v,_1.
Then, go to t and use the edge t — s to finish back at s. This constructs a
cycle s > vy — v9g — -+ > v_1 — t — s. The length of this cycle is k + 1,
and so we have constructed a cycle Cy,;. Thus, by induction, any strong
tournament 7}, contains a directed cycle C}, for every 3 < k < n. O

3u has at least one edge pointing from the cycle to u and at least one edge pointing
from u to the cycle.

21



Problem 28
Prove Theorem 4.18 applying Theorem 4.14.

Proof. Consider the graph K,,. Color each edge red with probability % and
blue with probability % Now, for every n sized subset i C [m], let A; denote
the event that K, is monochromatic. Then, pr(A;) denotes the probabilty
that all (%) edges of ¢ is the same color. Thus, pr(A;) = pr(A; is fully blue )+

pr(A; is fully red) = Q(n) + %<n) —2.2°(5) = 2-(5), Now, consider the
dependency bound D. Two events A; and A; are dependent if they share
at least one edge (or two vertices). Since we can pick one of (}) edges from
7 to be the shared edge and one of (n72) other vertices in j, we have that

D < (g) (nT2) is an upper bound. By the Theorem 4.14 (Local Lemma), we
have that if for every A;, pr(4;) < 45, then pr(N_, A4;) > 0. That is, if
A, pr(A;) < 4D, then there exists a 2-coloring with no monochromatic kK,

in m vertices (R(n) > m). Substituting in our values for pr(A;) and D, we
have 21~ (3) <))t and so, (3)(,",) < 2(2)-1, Thus, R(n) > m if

2) \n—2 2
4(3) (n”jz) < 2(3)71, which is exactly Theorem 4.18. m
Problem 29

Prove that a fixed k-term A.P. in [n] can intersect at most k2£:1) other

k-term A.P. in [n].

Proof. First, note that for a k-term A.P. in [n] with common difference d,
we have that (k — 1)d < n — 1, and thus, d < Z—j Thus, d can be any
positive integer 1,..., L%J Now, let € [n]. For a fixed d, there are at
most k different k-term A.P. in [n] that contain x, since x can be any one
of the k positions in the progression. Thus, the number of k-term A.P. in
[n] that contain z is at most k- [2=1] < k- 2=1. Now, let A be some fixed
k-term A.P. in [n|. Every other k-term A. P 1n [ | would then intersect at
least one of the k elements in A. By summing over all k elements z € A,
we can count the number of k-element A.P.s that intersect A at least once.
Thus, we have that > _, [{A.P. containing x}| < k- (k- =) = b Ignll) is an
upper bound for the number of A.P. meeting A. Thus, a fixed k-term A.P.

in [n] can intersect at most K (” 1) other k-term A.P. in [n]. O
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Problem 30
What is the mistake in the proof of Theorem 4.197

Solution. The proof shows that the events A;; are pairwise independent;
however, it assumes that this implies that all the events are mutually in-
dependent as well. Note that in a triangle with vertex set V' = [3], if
edge 1-2 is monochromatic and edge 1-3 is also monochromatic, then edge
2-3 must be monochromatic. The probability of this intersection is then
pr(Ap N A1z N Ags) = +. However, if they were mutually independent, we

4

would have that pr(Ajs N A3 N Agz) = pr(Ase)pr(Ais)pr(Ass) = % . % i

é #+ i. This shows that the probability of none of the events occurrin
proper 2-coloring) is zero.

03
—
82}
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Set 7

Theorems used in the set (for reference):
Theorem 5.6. If (£, F) is cross-intersecting, then m < (p;q).

Theorem 5.10. Assume H is a hypergraph with mazimum degree t. Then
disc(H) < 2t — 1.

Proof. Assume V' = [n], £ = {e1, eq,...,e,}. We allow ¥ to take real values
from the interval [—1, +1]. A vertex z is called bad for ¥ if ¥(z) € (—1,+1).
An edge e; is called bad for W if it has more than t bad vertices. We shall
define a procedure to get a ¥ with no bad edges and at each step the following
condition will be preserved for all bad edges:

D> (x)=0 (6)

ree;

The procedure starts with ¥ = 0 which clearly satisfies Equation 6. For
the general step, assume that there exist bad edges eq,es,..., e, for ¥ and
let 1,2,...,s be the bad vertices of H for ¥. Now, we claim r < s. Consider
the unknowns y1,vs,...,ys. Using the claim, the system of r homogeneous
linear equations

has a non-trivial solution ¥y, ys,...,¥ys. Select A so that for all 7, 1 <1 < s,
the values W(i) + Ay; are all in [—1,+1] and at least one of them becomes
+1 or —1. Then a new ¥ can be defined by changing the values ¥(i) to
V(i) + Ay; for all 4, 1 < i < s. It is left as an exercise to show that the
required A\ exists and the new WU satisfies the condition in Equation 6.

The procedure eventually terminates with a W with no bad edges because
the set {i € V : ¥(i) € {+1,—1}} increases at each step. At this point, the
final U is defined by setting all values ¥ to 1 at the remaining bad vertices.
It is easy to see (Problem 34) that this final W satisfies | }- ., W(z)| < 2t—1
forall j, 1 < j <m. O

Problem 31

Assume that ¢ is a prime power and H = (V, E) is a hypergraph in which the
edge sizes are not divisible by ¢, but each pair of edges has intersection size
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divisible by ¢. Prove that |E| < |V|. Hint: prove the linear independence of
incidence vectors over the field of rational numbers.

Proof. Let H = (V, E) be a hypergraph. Let V' = [n], and For each edge
e € E, let . € Q" be its incidence vector over Q, where ! = 1 if v; € ¢
and z! = 1 otherwise. Now, suppose for the sake of contradiction that there
exists a nontrivial rational linear combination of the incidence vectors that
equals zero. That is, suppose Y _pcete = 0 where for all e € E, ¢, € Q.
Now, pick any edge f € E and take the dot product of both sides with z,
giving 25 - (X .cp @ete) = X cp te(xs - x.) = 0. Note that zy -z, = |f Nel.
Thus, the equation becomes ay|f| + > . ;aclf Ne| = 0. Since |f| is not
divisible by ¢ and the second sum is divisible by ¢, the only way this can
hold over Q is if ay = 0. Repeating this argument for all f € F, we have that
a. = 0 for all e € E. Thus, the incidence vectors {z. : ¢ € E} are linearly
independent over Q. Since these vectors are in QVI, whose dimension is |V/|,

the number of linearly independent vectors cannot exceed the dimension, and
thus, |E] < |V]. O

Problem 32

Assume that we want to cover the edge set of the complete graph K, by the
edges of complete bipartite graphs (allowing to cover an edge many times).
At least how many bipartite graphs do we need?

Proof. Let m be the number of complete bipartite graphs covering K,,, de-
noted by Gy, ..., G,,, where Gy, has parts Ly and R;. Let A be the adjacency
matrix of K,,. We can then express A as the sum of the adjacency matrices of
the bipartite graphs, so A =Y, A(Gy). Now, consider the quadratic form
associated with these matrices for a vector z € R, 27 Az = >, _, Lj<n Tilj =

(27, )* — S a2, For each bipartite graph Gy, we have the quadratic
form is 2T A(Gr)z = 2 (Y ;ep, i) (ZjeRk xj>. Combining these, we get that

S a2 = (S ) - 7 2 (e, 1) (Syem, ;) Now, suppose for the
sake of contradiction that m < n — 1. Note that the following homogeneous
system of linear equations » ;' #; =0and ., #; =0, fork=1,...,m
has m + 1 equations. Since m + 1 < n, there exists a non-trivial solution
x # 0. Substituting this solution into our identity, the right-hand side be-
comes 0> — >°2(0)(...) = 0. This then implies that > " 27 = 0, which
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means that x = 0, contradicting that x is a non-trivial solution. Thus, we
must have m > n — 1. O

Problem 33

A transversal of a hypergraph H = (V, E) is a set T C V such that TNe # ()
for all e € E. The transversal number of H, 7(H) is defined as the minimum
|T’| for which T is a transversal of H. A hypergraph is called (p+1)-critical if
7(H) = p+1 but if any edge is removed from E then the transversal number
becomes p. Prove (applying Theorem 5.6) that any (p+ 1)-critical t-uniform
hypergraph has at most (thr1> edges. Is equality possible (for every p,t)?

Proof. Let H = (V, E) be a (p+ 1)-critical t-uniform hypergraph with edges
E ={ej,...,en}. By the definition of (p+1)-criticality, we have that 7(H) =
p+ 1 and for any edge e¢; € E, 7(H — ¢;) < p. This second condition implies
that for each ¢ € [m], there exists a set 7T; C V of size at most p that is a
transversal of £\ {e;}. Because 7(H) > p, the set T; cannot be a transversal
of the entire hypergraph H, and so T; must fail to intersect the only remaining
edge, e;. This gives us a family of pairs (7}, e;)™, which satisfies |T;| < p
and |e;| = ¢, T, Ne; = 0, and T; Ne; # O for all j # i. Note that these
fulfill the conditions of Theorem 5.6. After applying the theorem, we get
that m < (P :rt) Thus, any (p+ 1)-critical t-uniform hypergraph has at most
(th’l) edges. Additionally, equality is possible. Let X be a set of size p + t.
Let E be the family of all (p;rt) subsets of size t. The transversal number is
p+ 1 (any set of size p leaves t elements untouched, which form an edge),
but removing any edge allows a transversal of size p. O

Problem 34
Show that the final ¢ in the proof of Theorem 5.10 satisfies

PGIES e

ree;
for every j € [m]

Proof. Let e; € £ be any edge. The procedure guarantees that when the
process terminates, e; is not a bad edge, that is, it contains at most ¢ bad
vertices. Let U; C e; be the set of bad vertices where U(z) € (—1,1) when
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the procedure terminates. We know |U;| < t. Moreover, the vertices in
F; = ¢;\U; are those where ¥(z) € {—1,1}. Consider the moment e; stopped
being a “bad edge”. At this moment, the condition in Equation 6 must
have been preserved by the procedure on e;, > .. ¥(z) = > cp V(z) +
>_ev, ¥(x) = 0. Also note that since the variables in Fj are fixed at &1,
the first term > . W(z) remains constant until the end of the procedure.
From the condition in Equation 6, we can isolate the sum of the fixed ver-
tices, erFj U(r) =— erUJ_ U(z). The final step (as described in the orig-
inal proof of Theorem 5.10) is to define the final coloring W ;,, by setting
U finar(z) = 1 for all remaining bad vertices = € U;. The final sum for edge e;

5 D e, Yiinal(®) = X pep, V() + 2 per, Yiina(@), and 32 o Wpina(r) =
>_wer, Y(2)+|Uj|. Substituting the expression for the fixed vertices, we have
that Y,e, Wrina(@) = (= Se, ¥(@)) + 1Uj] = e, (1 = (a)). Since
U(x) € (—1,1) for all x € U;, we have that 0 < 1—V¥(x) < 2. Since |U;| < t,
the sum is strictly bounded, so ‘Zx@j \ijinal(x)’ < 2|U;| < 2t. Since the
final sum is an integer, the largest possible magnitude is 2¢ — 1. Thus, the
final ¢ in the proof of Theorem 5.10 satisfies ‘ D e, w(a:)‘ < 2t —1 for every
Jj € m] O

Problem 35
Prove that there is only one (3,6)-cage (and find it).

Proof. TODO.
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Bonus
Prove that the discrepancy of a 2-regular hypergraph is at most 2.

Proof. Let H = (V, &) be a 2-regular hypergraph. Let the dual graph be G*.
The vertices of G* are the edges of H (the set £). The edges of G* correspond
to the vertices of H. Since every vertex v € V is contained in exactly two
edges e;,e; € £, v becomes an edge connecting node e; and node e; in G*.
G* is a standard multigraph. Now assign values ¥U(e*) € {—1,+1} to the
edges of G* (which are the vertices of H). The discrepancy of a hyperedge
e; € & is the magnitude of the sum of the values of the edges incident to
vertex e; in G*. To minimize this, we can orient G*. If we can orient G*
such that for every vertex, the difference between in-degree and out-degree
is small, we can assign +1 to incoming edges and —1 to outgoing edges. If
G* is Eulerian (all degrees even), we can find an Eulerian tour and alternate
directions. The net sum at every vertex is 0. Else, if G* has vertices of odd
degree, we add a dummy vertex z connected to all odd-degree vertices. The
new graph is Eulerian. Thus, we can an Euler tour and orient it, then we
can remove z. Now, consider some u in G*. If u had even degree, it was not
connected to z, so its balance is 0. If u had odd degree, one edge (connecting
to z) is removed. The remaining edges sum to +1. Thus, the discrepancy is
at most 1. Since 1 < 2, the discrepancy of a 2-regular hypergraph is at most
2. O
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Midterm Sample

Problem 1

A 3-regular 4-uniform hypergraph has 20 vertices. How many edges does it
have?

Proof. O

Problem 2

Show that there is no linear space with 2024 vertices such that |e| € {3,4}
for every edge e € £.

Proof. Assume there exists a linear space with 2024 vertices. This linear
space has property that no pair of vertices are covered by the same edge.

Note that there are (2024) = (2024)2& = 2047276 pairs of vertices. Moreover,

we have that for everQy edge e € &, |e| € {3,4}, and thus, every edge can
accomodate (g) = 3 vertices or (;) = 6. We then must have that 3z +
6y = 2047276 for x,y € N. Clearly, 2047276 must then be divisible by 3,
a contradiction. Thus, there is no linear space with 2024 vertices such that
le| € {3,4} for every edge e € £.

]

Problem 3

How many (non-isomorphic) intersecting linear spaces are there on 100 ver-
tices?

Proof. By Theorem 4, of H = (V, E) is an intersecting linear space, then
one of the following holds: H is trivial (a single line), H is a near pencil (all
but one vertices on a line), or |E| = |V| = k* + k+ 1 (k > 2) having the
property that H is (k + 1)-regular and (k + 1)-uniform. For an intersecting
linear space with |V| = 100, we cannot have that |V| = k* + k + 1 for some
k € Z. Thus, we only have the trivial case and the near pencil case. Thus,
there are 2 non-isomorphic intersecting linear spaces on 100 vertices. O]
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Problem 4
Are there linear spaces with 8 vertices and 5 edges?

Proof. No. Theorem 3 states, if H = (V, E) is a non trivial linear space,
then |E| > |V|. Here, |E| < |V, and thus, there are no linear spaces with 8
vertices and 5 edges. O]

Problem 5
Prove that R(4) < 18.

Proof. Consider R(3,4). It is known that R(3,4) = R(4,3) = 9. Then,
since R(p,q) < R(p — 1,q9) + R(p,q — 1), we have that R(4) = R(4,4) =
R(3,4) + R(4,3) = 18. Thus, R(4) < 18. 0

Problem 6
Prove that R(3,5) < 14.
Proof. O]

Problem 7
What is the chromatic number of K3.

Proof. O]

Problem 8

Prove that there are no Steiner triple systems on 6k + 5 vertices.

Proof. O

Problem 9

What is the chromatic number of the affine plane of order 3?7

Proof. O
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Problem 10

Prove that in every 2-coloring of the edges of K32 there is a monochromatic
K3

Proof. 0
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Midterm

Problem 1

Show that there is no linear space with 200 vertices such that |e| € {5, 7} for
every edge e € £

Proof. O

Problem 2

H is an intersecting linear space with 57 vertices. What can H be?

Solution.

Problem 3

Let H be an intersecting hypergraph (e N f # ()) without singelton edges.
Prove that the greedy algorithm properly colors the vertices of H with at
most 3 colors for any ordering of the vertices.

Proof. O]

Problem 4

What is the minimum number of vertices in a 5-chromatic shift graph?

Solution.

Problem 5

Assume that the n-element subset of a (2n+1)-element ground set are colored
with two colors. Prove that there are no two n-sets of the same color with
empty intersection.

Proof. ]
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Problem 6

Prove that if the edges of the complete bipartite graph K37 are colored with
two colors (red, blue) then there is a monochromatic K 5. Is the statement
true for all K347

Proof. O]

Problem 7

A hypergraph on n vertices has no three edges e, f, g such that e C f C g.

Show that a hypergraph has at most 2( Ln72 J) edges.

Proof. O]

Problem 8

Let H = (V, E) be an intersecting simple hypergraph with |V| = n, |E| <
27~ Prove that a new edge can be added to F so that the new hypergraph
is still an intersecting simple hypergraph.

Proof. m

Problem 9

H is a t-uniform hypergraph with exactly 2!=! edges. Prove that H is 2-
chromatic.

Proof. ]

Problem 10

The 3-uniform hypergraph H(n) is defined as follows. The vertex set C¥,
the set of vectors of length n with coordinates 1,2,3. Three different vectors
define an edge if an only if at each coordinate position they either all agree
or all different.

Question 1: Is it true that #(n) is a Steiner triple system on 3" vertices?

Proof. ]
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Question 2: Is it true that for every n, the chromatic number of H(n) is less
than 20257

Proof. O]
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Final

Problem 1

Prove that there is no linear space (V, E') such that |V| = 50 and |e| € 3,6,7
for every e € E.

Proof. O

Problem 2

H = (V, E) is a Steiner triple system on 13 vertices, e € E. How many edges
of H have empty intersection with e?

Proof. O]

Problem 3

Assume that the edge set of Kspo5 is colored with m > 2 colors so that the
edges in every color form a complete subgraph. Prove that m > 2025.

Proof. O]

Problem 4

A hypergraph H has no three pairwise vertex-disjoint edges. Prove that the
greedy algorithm properly colors H with at most 5 colors in any ordering of
the vertices.

Proof. O

Problem 5

Prove that in any 2-coloring of the edges of the complete bipartite graph
Ky 5 there is a monochromatic K 3.

Proof. O
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Problem 6

The edges of a tournament 734 are colored with red and blue. Prove that
there is a monochromatic transitive triangle.

Proof. m

Problem 7

A hypergraph with edges ey, s, ..., €9, is called almost intersecting if
61062:€3ﬂ€4: :egm_lﬂegm:@

but all other pairs of edges have nonempty intersection. Prove that any
almost intersecting ¢t-uniform hypergraph satisfies 2m < (2;)

Proof. O
Problem 8

Show that 10-regular 10-uniform hypergraphs are 2-chromatic.

Proof. O]
Problem 9

A tournament with vertex set V is called k-universal if for each S C V such
that |S| = k and for each partition AU B = S, there exists v ¢ S which
dominates all vertices of A but no vertices of B. Prove that for any fixed k
there exist k-universal tournaments.

Proof. O]

Problem 10

Assume that two hypergraphs are given on the same n-element vertex set,
one with edges e;, the other is with edges f;, ¢ = 1,2, ..., m and the following
holds: |e; N f;| is odd for each i; |e; N f;| is even for all ¢ # j. Prove that
m <n.

Proof. O]
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Table 1: Scores

Set Scores by Question Total

Set 1 4.0 3.0 2.0 2.5 40 155
Max 4.0 4.0 4.0 40 4.0 20.0

Set 2 3.5 40 4.0 25 1.5 155
Max 4.0 4.0 4.0 4.0 4.0 20.0

Set 3 4.0 4.0 2.0 40 20 16.0
Max 4.0 4.0 4.0 40 4.0 20.0

Set 4" 4.0 4.0 4.0 40 4.0 20.0
Max 4.0 4.0 4.0 4.0 4.0 20.0

Set 5 4.0 4.0 40 1.0 40 170
Max 4.0 4.0 4.0 40 4.0 20.0

Set 6 4.0 4.0 4.0 4.0 4.0 20.0
Max 4.0 4.0 4.0 40 4.0 20.0

Set 7 05 0.0 3.0 35 1.0 8.0
Max 4.0 4.0 4.0 4.0 4.0 20.0

Bonus 2.0
Max 5.0

“Courtesy of Richard Li
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